The continuity and momentum equations of laminar flow through poroelastic media and the sufficient boundary conditions are found in the present paper. The land subsidence equation, Brinkman equation, Darcy's law, and so forth, can be recovered by the simplified governing equations of the present model. A water wave passing over a poroelastic bed is taken as an example of application of this laminar poroelastic media flow model. It is found from the example that, besides the two kinds of longitudinal waves and one kind of transverse wave inside the porous media that the conventional poroelastic model can provide, a second kind of transverse wave is obtained by this model. It is also found that the tangential stress and flow velocity inside the porous bed, according to the laminar poroelastic media flow model, are very different from those obtained by the conventional potential poroelastic media flow model. Finally, the limiting rigid bed solution of the application example, which is useful for the experimental verifications, is also given in this study.
INTRODUCTION
In previous research on water wave interaction with a porous bed, regardless of whether a rigid or deformable skeleton is treated, Darcy's law is applied to describe the friction between the pore fluid and the skeleton of the porous media flow. Although this approach is quite successful in revealing most physical mechanisms by using a potential water wave and Darcy's porous media flow [e.g., see Huang and Song (1993) ], due to the use of an irrotational wave and Darcy's law, slip at the interface of water and porous bed cannot be avoided. This causes handicaps, especially when correct shear stress at the interface is important (e.g., in the determination of ripple formation at the alluvial channel bed).
Some works try to remedy the unreasonable slip phenomenon at the porous interface by introducing fluid viscosity into the water wave [e.g., Hunt (1959) ; Murray (1965) ]; however, because Darcy's law is only a first-order differentiation in space, an overdetermined boundary condition occurs at the interface. Liu (1973) adopted the boundary layer approach and velocity correction due to viscosity in order to satisfy velocity continuity at the interface, but continuous tangential stress is still not satisfied.
Two successful previous methods can be found to rectify the unreasonable slip phenomenon at the porous boundary. The first is proposed by Beavers and Joseph (1967) . In their study, parallel viscous flow and Darcy's porous media flow are employed to portray the homogeneous upper flow and lower porous media flow, respectively, while the following ingenious partial-slip boundary condition is suggested to overcome the overdetermined boundary condition:
In (1), u is the velocity of the upper layer flow; u D is u at boundary y = 0 ϩ ; k p is the specific permeability of the lower porous layer; and ␣ is a parameter to be determined empirically.
The second successful method is treating homogeneous fluid as viscous flow, while handling the porous media flow by the so-called Brinkman equation (Brinkman 1947) 
where P, u are the pressure (with static pressure included) and velocity vector of flow in the porous media, respectively, and is the fluid viscosity. Because (2) is a second-order differential equation, the Brinkman equation with proper boundary conditions [which are not given in Brinkman (1947) ] indeed can handle the overdetermined boundary problem at the fluid/ porous-media interface.
Besides the defect of the empirically determined parameter of Beavers and Joseph's method and the unclear boundary conditions of Brinkman's proposal, the use of these two methods is still rather restricted. For example, when the inertial effect of the porous media flow is important (e.g., wave propagation in the porous media), or when the porous medium is deformable (i.e., the porous skeleton is no longer rigid), the above-mentioned two ways, again, are both inadequate.
The present work will propose a model of viscous porous media flow with an elastically deforming porous skeleton. We will present the governing equations and their proper boundary conditions and then apply this model to investigate the problem of a viscous water wave passing over a poroelastic bed.
GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

Continuity Equations
In saturated porous media flow, if s , f are the solid and fluid densities, respectively; U are the solid and fluid ved, locity vectors; and n is porosity, then the continuity equations of the solid and fluid, respectively, are [Verruijt (1969) 
Combining (3) and (4), we get
where K is the static bulk modulus of compressibility of fluid in the porous media, and PЈ is the perturbed fluid pressure caused by fluid dilatation. Therefore, (5) becomes
which is the so-called storage equation.
Momentum Equations
From the first law of thermodynamics, we may have
inside the porous media. The terms Q and W are heat and work added to the system, while E is the internal energy of the system. For the adiabatic process
The time rate of change of work
can be written as
after applying the divergence theorem to the work done by stress on the surface. In (11), s and f are the stress tensors of the solid skeleton and fluid; g is gravitational acceleration; and the colon represents the scalor product of two secondorder tensors. The time rate of change of internal energy is
where F() is the frequency correction factor defined in Biot (1956) ; is the dynamic viscosity of the fluid; and k p is the specific permeability of the porous medium. Note that because there is no relative slipping between solid skeleton and fluid, Kirchoff's coupling kinetic energy (i.e., added mass effect) vanishes in the first term of the righthand side of (12), and the symmetry of the stress tensors is applied to the strain energy term [i.e., the second term at the righthand side of (12)], while the remaining mechanical energy due to surface contact is still the same as in Biot (1962) . Applying continuity equations (3) and (4) to (12), we get
Substituting (9), (11), and (13) in (8), we finally geẗ
Therefore, (14) indicates the momentum equations as
Considering the mass coupling effect for the potential flow and getting rid of the viscous effect of the fluid, we find that (15) and (16) recover the conventional theory of poroelasticity (Biot 1962) . On the other hand, by neglecting the inertial and viscous effects of the fluid, the equilibrium equations of land subsidence are obtained; assuming a rigid solid skeleton, neglecting inertial effect, and letting F() = 1, (16) may give the Brinkman equation [i.e., (2)]; further, neglecting fluid viscosity, we get the following Darcy's law:
Also notice that (15) and (16) are similar to the equations derived in Katsube and Carroll (1987) , based on mixture theory. However, in Katsube and Carroll (1987) , there is an unrealistic torsion term for the fluid (fluid obviously does not contain ''torque''). If there is a steady streaming flow through the porous media, we may let
with ͉UЈ͉ << ͉U 0 ͉, ͉dЈ͉ << ͉d 0 ͉. Then, from (15) and (16), the equations for the stationary deformed solid skeleton and steady streaming viscous flow are
On the other hand, the linear equations of motion of the solid and fluid for the remaining disturbance are
In (22) and (23), if the generalized Hooke's law for the solid skeleton and Newton's law for fluids are valid, stress tensors can be written as
where I is the identity matrix, while the effective stress for the solid skeleton and the shear stress of the fluid are
FIG. 1. Schematic Diagram of Water Wave Passing over Poroelastic Bed
with G, as Lambe's constants of elasticity, and , Ј as first and second fluid viscosity; superscript T denotes the transpose of matrix. Eqs. (7), (22), and (23), together with the constitutive laws (24)-(27), will be the governing equations when later we deal with the application example of a viscous water wave passing over a poroelastic bed.
Boundary Conditions
Referring to Deresiewicz and Skalak (1962) , the sufficient conditions (except kinematic boundary conditions) can be derived. Let the adjacent boundary between two porous media be S c and the unit normal vectors be (1) and (2) ( (1) = Ϫ (2) ); then the continuity of the time rate of change of work on the surface is [superscript (k) indicates the summation in k]
On the other hand, the continuity of the fluid flux through S c is
͵ ͵
Sc
Combining (28) and (29), we get
which indicates that (except for the kinematic boundary condition) there are eight physical variables that should be continuous at the porous interface:
where t is the unit tangent vector. The physical meanings, d), in sequence, are the continuities of (1) normal total stress; (2) tangential total stress; (3) normal fluid stress; (4) tangential fluid stress; (5) normal solid velocity; (6) tangential solid velocity; (7) normal fluid flux; and (8) tangential relative flow velocity.
For example, if medium 1 is a homogeneous fluid while medium 2 is a porous medium, then, besides the kinematic boundary condition (which will be used to determine the shape of the interface if it is deformable), we'll need the continuities of items (1)- (4), (7), and (8); if medium 1 is a homogeneous fluid, while medium 2 is a rigid porous medium, then the continuities of items (3), (4), (7), and (8) are required. Huang, Chiang, and Song (1996) applied the above theory and reinvestigated Beavers and Joseph's (1967) problem of laminar channel flow passing over a rigid porous bed. The result of Huang, Chiang, and Song (1996) agrees with the experimental data of Beavers and Joseph (1967) perfectly, and a conventional empirical parameter due to partial slip at the interface [i.e., ␣ in (1)] is derived explicitly, based on the present theory. Recently, in Liu, Davis, and Downing (1996) , viscous water waves over a rigid permeable bed were studied both theoretically and experimentally. However, since the orders of magnitude of physical parameters are so different between ''hard'' and ''soft'' porous media [e.g., Chen, Huang, and Song (1997)], general solutions that are not restricted to a rigid porous medium are worth studying. Therefore, without assuming a rigid bed, a viscous water wave passing over a poroelastic bed will be explored by using the present theory in the following.
APPLICATION: VISCOUS WATER WAVE PASSING OVER POROELASTIC BED
The schematic diagram of the problem is indicated in Fig.  1 , in which a linear water wave propagating along a constant depth channel and passing over a porous bed of infinite thickness is studied. Fluid viscosities of water in both the channel and porous bed are considered, and the solid skeleton of the porous bed is assumed to deform elastically. From y = 0 to y = h, indicated as in region (1), there is undisturbed channel water, while from y = 0 to y → Ϫϱ, denoted as in region (2), a porous bed is assigned.
Governing Equations of Channel Flow
Getting rid of oscillatory time factor with as the Ϫit e , angular frequency, the time-independent perturbed velocity of the water in the channel can be divided into an irrotational and a rotational part, as follows:
Thus, the continuity equation becomes 2 (1)
1 shear stress becomes = Ϫ P I)
and the linear momentum equation (after getting rid of hydrostatic pressure) becomes
In (33) and (35), we only consider the first fluid viscosity , and the second fluid viscosity Ј will be neglected hereafter. Since we are in 2D Cartesian coordinates (i.e., x-y plane), we may let (1) (1) with e z as the unit vector, which is perpendicular to the x-y plane. Hence, (35) can be written as
Governing Equations of Poroelastic Bed
The governing equations of the poroelastic bed can be obtained by referring to the aforementioned sections. Following the same procedures as those listed in Appendix A of Huang and Chwang (1990) , the equivalent time-independent equations (with the same notations as time-dependent variables and prime being got rid of for simplicity) with the superscript (2) added to denote the variables in region (2) become as follows: 
(Ј is neglected)
s and f are given by (24) and (25), respectively. Again, for a 2D problem in Cartesian coordinates (x-y plane), can
H j be written as
Note that, due to the inclusion of fluid viscosity, we get two longitudinal waves and two transverse waves instead of two longitudinal waves and one transverse wave according to the conventional Biot's theory of elasticity (Huang and Song 1993) .
Boundary Conditions
The conventional kinematic boundary condition on the free surface ( y = h) is (1) (1)
where is the time-independent displacement at the free surface. The dynamic boundary condition on the free surface ( y = h), continuities of normal and tangential stresses, can be written as
1,xy 2,yy 2,xx
As for the boundary conditions at the interface of the porous bed ( y = 0), we find that, except for the kinematic boundary condition, which is only used for finding small sand waves, we may have continuities of (1) normal fluid flux; (2) tangential relative fluid velocity; (3) normal fluid stress; (4) tangential fluid stress; (5) normal total stress; and (6) tangential total stress. They are listed, in sequence, as follows:
(1) (1) (2) (2)
(1) 
3,xy 4,xy 1 1 2 2 (67) 
Finally, at y → Ϫϱ, we get (2) ⌽ → 0; j = 1, 2, 3, 4 (69) j because everything is quiescent at y → Ϫϱ.
Solutions
After omitting time factor the linear water wave profile Ϫit e , is taken as
0 where 0 is the given amplitude and k 0 is the wave number to be determined by the dispersion relation. The solutions of velocity potentials for region (1) (1) (1)
in Fig. 1 can be written as
with A 0 , B 0 , a 0 , and b 0 to be determined by boundary conditions. The displacement potential, ⌽ j , j = 1, 2, 3, 4 for region (2) in Fig. 1 can be obtained as
Again, the solutions of a j , j = 1, 2, 3, 4 are to be found by boundary conditions. After messy derivations, the solutions of A 0 , B 0 , a j , j = 1, 2, 3, 4, a 0 , b 0 are obtained and shown in Appendix I.
Examinations of Fluid Viscosity and Rigid-Bed Permeability
Note that, by introducing a parameter ε 0 which means the comparison of viscous shear effect of fluid to deformation of the solid skeleton or to fluid compressibility in the porous medium, we find that, by referring to porous material handbooks, most porous material beds under a water wave may satisfy ε 0 = << 1 and ε 2 = /(G or K) 2/ /h f ͙ << 1. Under these conditions, the potential functions obtained from the laminar poroelastic media flow model are equivalent to those obtained from Biot's potential poroelastic media flow model. However, there are still some important physical discrepancies between a laminar and potential model due to fluid viscosity, even with the conditions of ε 0 << 1 and ε 2 << 1.
By applying a typical combination of the water wave, fluid property, and sand bed material indicated in Table 1 
, sxy sionalized by perturbed pore pressure at the interface of the homogeneous channel fluid and porous bed (i.e., P 0 ), while the displacement component of the fluid, D x , is nondimensionalized by P 0 /2k 0 G. The vertical axes of Figs. 2 and 3 are all normalized by Ϫ2/k 4r , where k 4r is the real part of the wavenumber of the second transverse wave in the porous media. In Figs. 2 and 3, laminar solutions are the present result, while potential solutions are obtained from Huang and Song (1993) , according to Biot's theory. (Note that P (2) , Fig.  3 indicates that the unrealistic slipping at the channel bed interface in the potential model is removed and replaced by a more reasonable nonslip condition in the laminar model [recall the introduction concerning Beavers and Joseph's (1967) discussion of the boundary condition at the porous surface], and a boundary layer phenomena inside the porous bed is also revealed by this laminar poroelastic media flow model.
Limiting Solution of Rigid Porous Bed
The limiting solution when the porous bed is rigid is very useful for experimental comparison [this is the problem of Liu, Davis, and Downing (1996) ]. Hence, this limiting case is worth discussing. By letting Lambe constants of elasticity of the solid skeleton be infinity (i.e., G, → ϱ), we immediately find that the first longitudinal displacement potential and the Using the water wave, fluid property, and porous rock material given in Table 2 to simulate a water wave propagating over a rigid porous bed, we compare our solution in Appendix II to viscous water propagating over an impermeable rigid bed [e.g., Dean and Dalrymple (1984) Figs. 4, 6, and 7 show the variation of the Stokes boundary layer from impermeable bed to permeable bed. Fig. 4 is especially valuable for experimental verification of the velocity profile near the permeable bed, and Fig. 5 shows that, due to the permeable bed, there is a flux penetrating through the bed as long as the specific permeability is not zero.
CONCLUSIONS
In this study, we propose a laminar poroelastic flow model with sufficient boundary conditions. The present model is different from Biot's famous inviscid poroelastic model in further considering the shear stress of the flow itself inside the elastically defermable porous media. By simplification, the governing equations of the present model can recover the land subsidence equation, Brinkman equation, Darcy's law, and so forth. [Besides Biot (1962) , further reviews and discussions on Biot's theory of poroelasticity can be found in the Maurice A. Biot Memorial Issue of the International Journal of Solids and Structures, volume 35 (1998).] A viscous water wave passing over a poroelastic bed is solved analytically by applying this laminar poroelastic flow model through complicated algebraic work. It is found that, instead of two kinds of longitudinal waves and one kind of transverse wave, which can be obtained by Biot's theory of poroelasticity, an extra transverse wave due to fluid viscosity is discovered, according to the present new model. It is also found in the present study that not only can reasonable results that other methods can provide be maintained, but also more realistic nonslipping solutions near the porous bed can be given by our laminar poroelastic flow model than slipping solutions based on the conventional inviscid porous media flow model. The limiting case of a rigid bed solution, which is useful for experimental verification, is also provided in this study.
APPENDIX I. SOLUTIONS OF WATER WAVE PASSING OVER POROELASTIC BED
The following solutions of (71) 
